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Abstract
Weakly compact homomorphisms between (URM) algebras with connected maximal ideal space
are shown to factor through H∞(D) by means of composition operators and to be strongly nuclear.
The spectrum of such homomorphisms is also described. Strongly nuclear composition operators
between algebras of bounded analytic functions are characterized. The path connected components
of the space of endomorphisms on H∞(D) in the uniform operator topology are determined.
 2003 Elsevier Science (USA). All rights reserved.
0. Introduction
In this paper we prove that all weakly compact homomorphisms on (URM) algebras—
a class containing all logmodular algebras—have a finite decomposition given by mul-
tiplication operators and composition operators factoring through H∞(D). In particular
such homomorphisms turn to be strongly nuclear. We also show that without the (URM)
assumption, the result does not hold. This is achieved by means of a characterization of
the strongly nuclear composition operators between Banach algebras of bounded analytic
functions which simplifies and completes an earlier result of Mayer [19]. Recently Fein-
stein and Kamowitz [5] have characterized the compact homomorphisms on H∞(D) and
determined their spectra; see also [14]. Our work generalizes their result by describing
the spectrum of the weakly compact endomorphisms of (URM) algebras with connected
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H∞(D).
Components and isolated points in the space of composition operators on the Hardy
space H 2(D) have been studied by Shapiro and Sundberg [22] and MacCluer [17]. Based
on the work of MacCluer et al. [18] about the space of all composition operators onH∞(D)
with the norm topology, we describe as the open balls of radius 2 the path connected
components in M(H∞(D),H∞(D)), the space of all endomorphisms on H∞(D). Thus
we extend their result. This is done by a suitable factorization of the endomorphisms. Also
using the factorization through H∞(D) of the weakly compact homomorphisms from
(URM) algebras into uniform Banach algebras with connected maximal ideal space, we
find an analogous characterization of the path connected components for the space of such
homomorphisms.
This paper was completed when P. Galindo visited Åbo Akademi University. He thanks
Mikael Lindström for his kind hospitality. The authors wish to thank Raymond Mortini for
pointing out Ref. [14].
1. Preliminaries
For background on analytic functions in infinite dimensions we refer to [4,20] and for
general uniform Banach algebras, to [8]. A uniform Banach algebra A on a compact Haus-
dorff space X is a uniformly closed subalgebra of the Banach space of complex-valued
functionsC(X) separating the points ofX and containing the constant functions. LetM(A)
denote the maximal ideal space, that is, the space of all complex homomorphisms of A.
We give M(A) the weak∗-topology of A∗ which makes M(A) a compact Hausdorff space.
The range Aˆ of the Gelfand transform is a uniformly closed subalgebra of C(M(A)), and Aˆ
is isometrically isomorphic to A. We will deal with infinite dimensional uniform Banach
algebras; since they are not reflexive, 0 will belong to the spectrum of weakly compact
endomorphisms. As usual, the pseudohyperbolic distance ρ(m,n) for m,n ∈ M(A) is
defined by
ρ(m,n)= sup{∣∣fˆ (n)∣∣: f ∈A, ‖f ‖ 1, fˆ (m)= 0},
where fˆ is the Gelfand transform of f . For a given m ∈ M(A), the set P(m) = {n ∈
M(A): ρ(m,n) < 1} is called the Gleason part of m. A Gleason part is said to be nontrivial
if it contains at least two points. If B is also a uniform Banach algebra, then M(A,B)
denotes the set of all homomorphisms from A into B and Mwc(A,B) the subset of the
weakly compact ones. We endow M(A,B) with the uniform operator topology, that is the
norm topology. It is known that the mapping δ : z ∈ D→ δz ∈ H∞(D)∗, where δz is the
evaluation at z, is continuous. We denote as usual by τ0 the compact open topology.
For a given b ∈ A, ‖b‖ < 1, and for every h ∈ H∞(D) we may use Theorem I.5.1
in [8] to find a unique g ∈ A such that gˆ = h ◦ bˆ. Thus we can consider the “composition
operator” C
bˆ
:H∞(D) → A defined by h →˜(h ◦ bˆ), where :˜ Aˆ → A is the canonical
isometric homomorphism. C ˆ is well defined, as well as continuous in a trivial way.b
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M(A) be defined by φT (m)=m ◦ T , that is, φT = T ∗|M(B). Then T̂ (f )= fˆ ◦ φT for all
f ∈A.
Recall [11] that whenever E and F are Banach spaces, a linear mapping T :E→ F is
called strongly nuclear if it can be represented in the form
T x =
∞∑
n=1
λnln(x)yn for all x ∈E,
for some ln ∈ E∗ with ‖ln‖  1, some yn ∈ F with ‖yn‖  1, and (λn) ∈ s, where
s = {(λn): supn nk|λn|<∞, ∀k ∈N}. It is known that the transpose of a strongly nuclear
mapping is strongly nuclear and conversely. A (bounded) subset A of the open unit ball BE
of E is called rapidly decreasing in E if it is contained in the closed convex balanced hull
of a rapidly decreasing sequence (xn) in E. Every rapidly decreasing subset A of BE is
relatively compact in E.
As our arguments depend strongly on a good knowledge of Gleason parts, in order
to proceed we need the following deep result. In the present generality it was proved by
Lumer [16]. See also [6] for other references.
Theorem 1. Let A be a uniform Banach algebra with Shilov boundary ∂A. Assume that for
every nontrivial Gleason part P(m) of M(A), every n ∈ P(m) has a unique representing
measure on ∂A. Then there is a bijection Lm :D → P(m) such that for every f ∈ A,
fˆ ◦Lm is a bounded analytic function on D, the map Lm is a homeomorphism if P(m) is
given the norm (dual) topology of A∗ and, further, there is a sequence (fi)⊂A, ‖fi‖ 1,
such that for every z ∈D, fˆi (Lm(z))→ z, when i→∞.
Every uniform Banach algebra satisfying the assumption in the above theorem will be
called a (URM) algebra [6]. Hence every logmodular algebra is a (URM) algebra [9, V.4.2].
This is the case of both the disc algebraA(D) andH∞(D). We recall that the Gleason parts
are open and closed subsets of (M(A),w(A∗,A∗∗)) (see, for instance, [6, Lemma 3]).
For each of the mappings Lm we define the “composition operators” CLm :A →
H∞(D) by f ∈ A → fˆ ◦ Lm. It is clear by Theorem 1 that these are well-defined con-
tinuous and linear operators.
2. Factorization results
Theorem 2. Let A be a (URM) algebra and B a uniform Banach algebra. If T :A→B is
a weakly compact homomorphism, then there are b ∈ B , ‖b‖< 1, and a finite number of
either analytic discs or constant mappings Lm :D→M(A) and idempotents bm ∈B such
that
T̂ (f )=
∑
m
bˆm(fˆ ◦Lm ◦ bˆ), ∀f ∈A.
In particular, T is strongly nuclear.
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M(A) is continuous when M(A) carries the weak topology of A∗. Therefore, T ∗(M(B))
is a weakly compact set in M(A) and since the Gleason parts are a weakly open covering
of M(A), there is a finite number, say {P(mj ),mj ∈M(A), j = 1, . . . , k}, which cover
T ∗(M(B)). Moreover, (T ∗)−1(P (mj )) is a clopen set in M(B), hence by the Shilov
idempotent theorem, there is bj ∈B whose Gelfand transform is the characteristic function
of (T ∗)−1(P (mj )).
Now we find the suitable b ∈ B . By Theorem 1 for each nontrivial part P(mj ) there
are a bijection Lmj :D→ P(mj ) and a bounded sequence (f ji )i ⊂A so that for all z ∈D
one has limi fˆ ji (Lmj (z)) = z. For every trivial part P(mj ), we take Lmj as the constant
function with value mj and f ji = 0.
Consider the map τ :M(B)→D defined by
τ (n)=
{
(L−1mj ◦ T ∗)(n) if n ∈ (T ∗)−1(P (mj )) for nontrivial P(mj ),
0 if n ∈ (T ∗)−1(P (mj )) for trivial P(mj ).
τ is well defined since, the Gleason parts being disjoint, we have for each n ∈M(B) that
T ∗(n) ∈ P(mj ) for a unique j = 1, . . . , k. Let us see first that τ is continuous and then that
τ ∈ Bˆ . If P(mj ) is nontrivial, let uj ∈A∗∗ be a weak∗-cluster point of (f ji )i , then
uj
(
Lmj (z)
)= lim
i
fˆ
j
i
(
Lmj (z)
)= z for all z ∈D.
Thus uj = L−1mj on P(mj ) which means that uj = L−1mj : (P (mj ),w)→D is continuous.
We set uj = 0 if P(mj ) is trivial. By weak compactness, T ∗ :M(B)→⋃j (P (mj ),w)
is continuous and therefore τ :M(B)→ D is also continuous. Now, for an arbitrary n ∈
M(B), we have T ∗(n) ∈ P(mj ) for a unique j = 1, . . . , k, so T ∗(n)= Lmj (z0) for some
z0 ∈D. Hence
τ (n)= uj
(
T ∗(n)
)= uj (Lmj (z0))= lim
i
fˆ
j
i
(
Lmj (z0)
)
= lim
i
∑
l
bˆl(n)fˆ
l
i
(
T ∗(n)
)= lim
i
̂∑
l
blT
(
f li
)
(n).
Thus ̂
∑
l blT (f
l
i )i → τ pointwise in C(M(B)). Since the sequences (f li )i ⊂ A, l =
1, . . . , k, are bounded, the sequence (
∑
l blT (f
l
i ))i ⊂ B is also bounded, so we conclude
that ̂
∑
l blT (f
l
i )→ τ weakly in C(M(B)). This means that τ ∈ Bˆ , hence there is b ∈ B
such that τ = bˆ.
As bˆ(M(B)) is a compact subset of D, then ‖b‖< 1, so we may consider the “composi-
tion operator” C
bˆ
:H∞(D)→ B defined in Section 1. Moreover, C
bˆ
: (H∞(D), τ0)→D
is continuous. Thus C
bˆ
factors through the nuclear subspace (H∞(D), τ0) of the nuclear
space (H(D), τ0), and it follows by Corollary 7.7.15 in [11] that Cbˆ is strongly nuclear.
Finally, for n ∈ (T ∗)−1(P (mj )), we have (Lmj ◦ bˆ)(n)= T ∗(n), so
T̂ (f )(n)= (fˆ ◦ T ∗)(n)= (fˆ ◦Lmj ◦ bˆ)(n)=
∑
(fˆ ◦Lml ◦ bˆ)(n) · bˆl(n).
l
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is the multiplication by bl operator on B . ✷
In case M(B) is connected the proof above deals with just one single Gleason part for
which bm = 1, so we may state the following
Corollary 3. Let A be a (URM) algebra and T :A→ B be a weakly compact homomor-
phism. Assume M(B) is connected. Then T is strongly nuclear and there exist b ∈ B ,
‖b‖< 1, and a Gleason part P(m)⊂M(A) with φT (M(B))⊂ P(m) such that T factors
through H∞(D) according to T = C
bˆ
◦CLm .
We state for further reference that in the above corollary bˆ := L−1m ◦φT if the part P(m)
is nontrivial and b = 0 otherwise.
Corollary 4. Let T :A→A be a weakly compact homomorphism and A be a (URM) alge-
bra such that M(A) is connected. Then there is ϕ :D→D yielding a compact composition
operator Cϕ :H∞(D)→ H∞(D) such that σ(T ) = σ(Cϕ) = {ϕ′(z0)n: n ∈ N} ∪ {0,1},
where z0 is the unique fixed point of the analytic map ϕ.
Proof. If the single Lm appearing in the decomposition of T is an analytic disc, putting
ϕ := bˆ ◦Lm :D→D we have that ϕ is analytic by Theorem 1. Further, ϕ(D)⊂ bˆ(M(A))
which is a compact set in D, so Cϕ :H∞(D)→H∞(D) is a compact composition opera-
tor, and consequently ([12] or [1]), σ(Cϕ)= {ϕ′(z0)n: n ∈N} ∪ {0,1}, where z0 ∈D is the
unique fixed point of ϕ. Moreover,
(CLm ◦Cbˆ)(f )= CLm
(˜
(f ◦ bˆ))= f ◦ bˆ ◦Lm = Cϕ(f ) for all f ∈H∞(D).
Recall that if E and F are Banach spaces and S1 ∈L(E,F) and S2 ∈L(F,E), then it is
well known that σ(S1S2)\{0} = σ(S2S1)\{0}. Therefore, as we have shown in Corollary 3
that T = C
bˆ
◦CLm , it follows that σ(T )\{0} = σ(Cϕ)\{0}.
In case Lm is constant, T has rank one and we know that σ(T )= {0,1}, so any constant
function ϕ would do the job. ✷
If A = H∞(D) and the weakly compact homomorphism T is not rank one, then
T (f )(z) = (fˆ ◦ Lm ◦ τ ◦ δ)(z) for all z ∈ D, where δ : z ∈ D → δz ∈ M(H∞(D)) de-
notes the evaluation mapping. This is exactly the form T has in the theorem in [5] with the
analytic map τ ◦ δ :D→D and the corresponding spectrum.
The next result follows by some of the ideas in the proof of Theorem 2. However, the
weak compactness of T is not needed in this case. Our interest in such a factorization is
due to its application concerning connected components in the last section.
Proposition 5. Let A be a (URM) algebra. For every homomorphism T :A→ H∞(D)
there are a Gleason part P(m) in M(A), an analytic map Lm :D→ P(m), and an analytic
self-map ϕ of D such that T = Cϕ ◦CLm .
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is trivial, Tf (z) = m(f ), so we may pick Lm(z) = m and ϕ = id. In case P(m) is not
trivial, by Theorem 1 there is a bijection Lm :D→ P(m) such that fˆ ◦Lm ∈H∞(D) for
all f ∈A. Define ϕ := L−1m ◦ φT ◦ δ. Since Lm ◦ ϕ = φT ◦ δ, it only remains to check that
ϕ is analytic. Indeed, by Theorem 1 we can find a bounded sequence (fi) ∈ A such that
fˆi (Lm(z))→ z. It follows that
ϕ(z)= lim
i
fˆi
(
Lm
(
ϕ(z)
))= lim
i
fˆi
(
φT (δz)
)= lim
i
T (fi)(z),
so ϕ is the pointwise limit of a bounded sequence of analytic functions. ✷
One cannot take in the above proposition as range algebra any uniform Banach algebra
or even (URM) algebra to obtain such a factorization through H∞(D). For instance,
the identity on the disc algebra A(D) cannot be factored through H∞(D), otherwise it
would be weakly compact [3]. Nevertheless also by Bourgain’s result any homomorphism
from H∞(D) into a separable uniform Banach algebra is weakly compact, so Theorem 2
applies.
3. Strong nuclearity of composition operators
Let E denote a complex Banach space with open unit ball BE . H∞(BE), the set of all
bounded analytic functions defined on BE , is a uniform Banach algebra with pointwise
addition and multiplication and norm ‖f ‖ = supx∈BE |f (x)|. It is a natural generalization
of the classical algebra H∞(D). The space H∞(BE) is a dual space, i.e., for the Banach
subspace G∞(BE) of H∞(BE)∗ generated by all the evaluation functionals δx at points
x ∈ BE , one has H∞(BE)=G∞(BE)∗ [21]. Let ϕ :BE → BF be an analytic map, where
F is also a complex Banach space. We will characterize the strong nuclearity of the compo-
sition operator Cϕ defined by Cϕ(f )= f ◦ ϕ. A sufficient condition for Cϕ to be strongly
nuclear was proved by Mayer [19, Theorem II] in 1980. Our method of proof is simpler
than his. We thank Chris Boyd for providing us with this reference.
On the grounds of this characterization, we present evidence of the unavoidability of
the assumption in Theorem 2 of A being a (URM) algebra. We will exhibit a compact but
nonstrongly nuclear composition operator Cϕ :H∞(BF )→H∞(BE).
Theorem 6. For the composition operator Cϕ :H∞(BF )→ H∞(BE) the following are
equivalent:
(i) ϕ(BE) lies strictly inside BF and ϕ(BE) is rapidly decreasing in F ;
(ii) Cϕ is strongly nuclear;
(iii) ϕ(BE) lies strictly inside BF and there are R ∈ L(-1,F ), g ∈ H∞(BE, -∞), and
a diagonal operator Dλ : -∞ → -1, (ξn) → (λnξn), with (λn) ∈ s such that R ◦
Dλ ◦ g = ϕ.
Proof. (i) ⇒ (ii) Let τd denote the topology on H(BF ) of uniform convergence on
rapidly decreasing compact sets in BF . Then Boland [2] has shown that (H(BF ), τd) is
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and rapidly decreasing, the mapping Cϕ : (H∞(BF ), τd)→H∞(BE) is continuous. Since
id :H∞(BF )→ (H∞(BF ), τd) is continuous, Cϕ :H∞(BF )→H∞(BE) factors through
a nuclear space. Hence, by Corollary 7.7.15 in [11], (ii) follows.
(ii) ⇒ (iii) By the assumption Cϕ is compact, so ϕ(BE) is strictly inside BF by
Proposition 3 in [1]. Further C∗ϕ :H∞(BE)∗ → H∞(BF )∗ is also strongly nuclear. Since
H∞(BE)∗ =G∞(BE)∗∗, we consider the continuous restriction map C∗ϕ |G∞ :G∞(BE)→
G∞(BF )∗∗. We have that G∞(BE) is the closed span of {δx : x ∈ BE} in H∞(BE)∗ and
C∗ϕ(δx)= δϕ(x), so it follows that C∗ϕ(G∞(BE))⊂ span{δϕ(x): x ∈ BE} ⊂G∞(BF ). Thus
the restriction C∗ϕ |G∞ is a map from G∞(BE) into G∞(BF ) which is strongly nuclear
since Cϕ is its transpose mapping. Hence it can be represented in the form
C∗ϕu=
∑
n
λnu(fn)un, u ∈G∞(BE),
with fn ∈ BG∞(BE)∗ = BH∞(BE), un ∈ BG∞(BF ), and (λn) ∈ s. Let vn := un|F ∗ ∈ F ∗∗.
Since every un is (H∞(BF ), τ0) continuous on bounded subsets of H∞(BF ), every vn ∈
F . By operating on δx , x ∈ BE , and taking the restriction to F ∗ in the above representation
of C∗ϕ , we get that
ϕ(x)=
∑
n
λnfn(x)vn, x ∈BE,
with fn ∈ BG∞(BE)∗ = BH∞(BE), vn ∈ BF , and (λn) ∈ s. Let Dλ : -∞ → -1 be the di-
agonal operator associated with (λn) ∈ s and consider R : -1 → F , (ξn) →∑∞n=1 ξnvn,
and g :BE → -∞, x → (fn(x)). Clearly R ∈ L(-1,F ) and further [20, II.8.H] g ∈
H∞(BE, -∞) as well as R ◦Dλ ◦ g = ϕ.
(iii)⇒ (i) The map R ◦Dλ : -∞→ F is strongly nuclear, so
ϕ(x)=
∞∑
n=1
λnan
(
g(x)
)
vn, x ∈ BE,
with an ∈ B-∗∞ , vn ∈ BF , and (λn) ∈ s. We can assume that ‖an ◦ g‖  (
∑
k k
−2)−1 for
all n. The sequence {n2λnvn: n ∈N} is rapidly decreasing in F . Take l ∈ {n2λnvn: n ∈N}◦
⊂ F ∗. For x ∈BE ,∣∣l(ϕ(x))∣∣ ∞∑
n=1
∣∣λnl(vn)∣∣‖an ◦ g‖ 1,
so l ∈ (ϕ(BE))◦. Hence (ϕ(BE))◦◦ ⊂ {n2λnvn: n ∈ N}◦◦ ⊂ F , and thereby ϕ(BE) is
rapidly decreasing in F . ✷
Example 7. Let E,F be Banach spaces such that there is a compact nonstrongly nuclear
operator L :E → F . Put ϕ = λL, where λ = 0 is chosen so that ϕ(BE) is strictly in-
side BF . In this way Cϕ is a compact operator [1, Proposition 3]. But it is not strongly
nuclear. Indeed: otherwise, as in the proof of Theorem 6, there are an ∈ B-∗∞ , vn ∈ BF ,
(λn) ∈ s, and g ∈ H∞(BE, -∞) such that ϕ(x) =∑∞n=1 λn(an ◦ g)(x)vn, x ∈ BE . As
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dϕ0(x) =∑∞n=1 λnd(an ◦ g)0(x)vn, x ∈ E. This shows that ϕ is strongly nuclear since
dϕ0(x)= ϕ(x) and the sequence {d(an ◦ g)0} = {an ◦ dg0 } is bounded in E∗.
As a concrete situation where this example holds, we recall that L : -2 → -2 given by
L(xm)= (xm/m) is compact and not nuclear.
It might be worth to remark that there are weakly compact homomorphisms which do
not factor through H∞(D) by means of homomorphisms. In [7] we have proved that the
composition operator Cϕ given by ϕ(x) = x/2 defined on the uniform Banach algebra
Au(BE) of all analytic and uniformly continuous functions on the open unit ball of the
Tsirelson’s space E = T ∗, is weakly compact but noncompact. As Au(BE) is separable, if
Cϕ would factor through H∞(D) by means of a homomorphism, say C, it would be com-
pact since such a C is weakly compact as ranging in a separable space [3], hence compact
by Corollary 3 and by bearing in mind that M(Au(BE)) is connected [6, Example 11].
4. Application to topological structure
We start by proving two general results.
Lemma 8. Let A,B be uniform Banach algebras and T ,T ′ ∈M(A,B). Then
sup
m∈M(B)
ρ
(
φT (m),φT ′(m)
)= 4‖T − T ′‖
4+ ‖T − T ′‖2 .
Proof. Clearly, ‖T − T ′‖  supm∈M(B) ‖φT (m) − φT ′(m)‖. Further, there exists a se-
quence (fn)⊂ A, ‖fn‖  1, such that ‖T (fn)− T ′(fn)‖→ ‖T − T ′‖. For every n there
is a mn ∈M(B) with∥∥T (fn)− T ′(fn)∥∥− 1
n

∥∥T̂ (fn)(mn)− T̂ ′(fn)(mn)∥∥ ∥∥φT (mn)− φT ′(mn)∥∥.
Consequently, we conclude that ‖T −T ′‖ supn ‖φT (mn)−φT ′(mn)‖. Thus we have that
‖T − T ′‖ = sup
m∈M(B)
∥∥φT (m)− φT ′(m)∥∥.
If we use Satz 1.8 in [15], we have for every m ∈M(B) that
ρ
(
φT (m),φT ′(m)
)= 4‖φT (m)− φT ′(m)‖
4+ ‖φT (m)− φT ′(m)‖2 .
Since the function 4x/(4+ x2) is continuous and increasing on [0,2], we get
sup
m∈M(B)
ρ
(
φT (m),φT ′(m)
)= 4(supm∈M(B) ‖φT (m)− φT ′(m)‖)
4+ (supm∈M(B) ‖φT (m)− φT ′(m)‖)2
,
from which the result follows. ✷
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placed by any dense subset of M(B). Thus in the case of A= B =H∞(D), we can con-
sider the unit disc D ⊂M(H∞(D)) and so recover Proposition 4 in [18] which motivated
the above lemma.
Proposition 9. Let A,B be uniform Banach algebras and T ,T ′ ∈M(A,B). The condition
‖T − T ′‖< 2
is an equivalence relation on M(A,B).
Proof. Let T ,T ′, T ′′ ∈M(A,B) such that ‖T −T ′‖< 2 and ‖T ′−T ′′‖< 2. By Lemma 8,
it is enough to show that supm∈M(B) ρ(φT (m),φT ′′(m)) < 1. By Korollar 1.6 in [15],
ρ
(
φT (m),φT ′′(m)
)
 ρ(φT (m),φT
′(m))+ ρ(φT ′(m),φT ′′(m))
1+ ρ(φT (m),φT ′(m))ρ(φT ′(m),φT ′′(m)) .
Again by Lemma 8, one can choose c < 1 such that ρ(φT (m),φT ′(m))  c and
ρ(φT ′(m),φT ′′ (m))  c for all m ∈ M(B). Since the function (x + y)/(1 + xy) is in-
creasing in ]−1,1[ for each variable, we get
sup
m∈M(B)
ρ
(
φT (m),φT ′′(m)
)
 2c
1+ c2 < 1. ✷
The above result was independently obtained by Klein in his thesis [14].
Corollary 10. The subset C(H∞(D)) ⊂M(H∞(D),H∞(D)) of all composition opera-
tors is a clopen subset.
Proof. By Lemma 8 for any homomorphism T ∈M(H∞(D),H∞(D)) such that ‖T −
Cφ‖< 2, the Gleason part found for T in Proposition 5 coincides with the one of Cφ , that
is the disc D. Thus T must be a proper composition operator. Therefore C(H∞(D)) is
an open subset. If T /∈ C(H∞(D)), the open ball of center T and radius 2 does not meet
C(H∞(D)). ✷
Proposition 11. Let A be a uniform Banach algebra. The mapping C :b ∈ BA → Cbˆ ∈
M(H∞(D),A) is continuous.
Proof. Fix b0 ∈ BA. Let 0 < r < 1 be such that ‖b0‖ < r . Since the mapping δ :D →
H∞(D)∗ is continuous, it is uniformly continuous on the disc of radius r . So for any
6 > 0, there is s > 0 such that for z,w ∈ rD with |z − w| < s, we have ‖δz − δw‖ < 6.
Now if b ∈ A, ‖b‖ < r and ‖b − b0‖ < s, it follows that for all m ∈ M(A) we have
bˆ(m), bˆ0(m) ∈ rD and also |bˆ(m)− bˆ0(m)|< s, so ‖δbˆ(m) − δbˆ0(m)‖< 6.
So if f ∈H∞(D),∥∥C
bˆ
(f )−C
bˆ0
(f )
∥∥= sup ∣∣(f ◦ bˆ)(m)− (f ◦ bˆ0)(m)∣∣
m∈M(A)
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m∈M(A)
∣∣(δ
bˆ(m)
− δ
bˆ0(m)
)(f )
∣∣ sup
m∈M(A)
‖δ
bˆ(m)
− δ
bˆ0(m)
‖‖f ‖ 6‖f ‖.
Therefore, ‖C
bˆ
−C
bˆ0
‖ 6, and the continuity at b0 is proved. ✷
Theorem 12. Let A be a (URM) algebra and let B be a uniform algebra whose spectrum
M(B) is connected. In either M(A,H∞(D)) or Mwc(A,B) the open balls of radius 2 are
the path connected components.
Proof. According to Proposition 9 the open balls of radius 2 are clopen with respect to the
norm topology. Therefore the connected sets must lie inside such balls and thus, it remains
to prove that they are path connected sets.
We first consider Mwc(A,B). Let T ,T ′ ∈ Mwc(A,B) such that ‖T − T ′‖ < 2. By
Corollary 3 we may factor both as T = C
bˆ
◦CLm and T ′ = Cbˆ′ ◦CLm′ for some b, b′ in the
open unit ball of B . As ‖T − T ′‖ < 2, it follows using Lemma 8 that for any n ∈M(B),
ρ(φT (n),φT ′(n)) < 1. Hence the corresponding Gleason parts P(m) and P(m′) coincide,
thus Lm = Lm′ . The mapping C :BB →M(H∞(D),B) in Proposition 11 actually takes
values in Mwc(H∞(D),B) as is shown in the proof of Theorem 2. On the other hand, the
“composition operator” from A into H∞(D), CLm(f )= fˆ ◦Lm is continuous. Hence the
mapping β ∈ BB → Cβˆ ◦CLm ∈Mwc(A,B) is also continuous and thus, the image of BB
is a path connected set which includes both T and T ′.
Finally, we consider M(A,H∞(D)). The proof essentially follows along the same pat-
tern as above. If T ,T ′ ∈M(A,H∞(D)) are such that ‖T −T ′‖< 2, then by Proposition 5
we have T = Cϕ ◦ CLm and T ′ = Cϕ′ ◦ CLm′ for some analytic self functions ϕ,ϕ′ of D
and Gleason partsP(m),P (m′). By using Lemma 8 again,P(m)= P(m′). If P(m)= {m},
then T (f )= fˆ (m)= T ′(f ) for all f ∈ A and we are done. In case the part is not trivial,
we have by Lemma 8 and by recalling that the map Lm preserves the pseudohyperbolic
distance ([13], for instance),
sup
z∈D
ρ
(
ϕ(z),ϕ′(z)
)= sup
z∈D
ρ
((
L−1m ◦ φT ◦ δ
)
(z),
(
L−1m ◦ φT ′ ◦ δ
)
(z)
)
= sup
z∈D
ρ
(
(φT ◦ δ)(z), (φT ′ ◦ δ)(z)
)
 4‖T − T
′‖
4+ ‖T − T ′‖2 < 1.
Therefore by Theorem 1 in [18], the composition operatorsCϕ and Cϕ′ are in the same path
component in M(H∞(D),H∞(D)). Thus T and T ′ lie in the image of this component by
the continuous mapping Cφ ∈M(H∞(D),H∞(D))→ Cφ ◦CLm ∈M(A,H∞(D)). ✷
Corollary 13. Under the assumptions in Theorem 12, a homomorphism T0 in either
Mwc(A,B) or M(A,H
∞(D)) is an isolated point if and only if ‖T0 − T ‖ = 2 for every
T = T0.
Proof. If ‖T0 − T ‖< 2, then T and T0 are in the same path connected component. ✷
Remark 14. If the composition operatorCφ is an isolated point in the space of composition
operators, C(H∞(D)), it is also an isolated point in M(H∞(D),H∞(D)).
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path component [18, Corollary 11], in the M(H∞(D),H∞(D)) setting there are plenty
of compact homomorphisms which lie in different components: just consider for every
m ∈M(H∞(D)), the compact homomorphism Tm(f )z = fˆ (m); these homomorphisms
lie at distance 2 from each other whenever the Gleason parts are different.
Our final result gives some information about the topological structure of the open balls
of radius 2. We were led to it by the final part of the proof of Theorem 12.
Recall the factorization found in Corollary 3 and Proposition 5.
Proposition 15. Let A be a (URM) algebra and let B be a uniform Banach algebra
with M(B) connected. If T ,T ′ belong to Mwc(A,B) (respectively, to M(A,H∞(D)))
with T = C
bˆ
◦ CLm , T ′ = Cbˆ′ ◦ CLm′ (respectively, T = Cϕ ◦ CLm , T ′ = Cϕ′ ◦ CLm′ ) and‖T − T ′‖< 2, then ‖C
bˆ
−C
bˆ′ ‖ = ‖T − T ′‖ (respectively, ‖Cϕ −Cϕ′ ‖ = ‖T − T ′‖).
Proof. We only prove the case of Mwc(A,B) since the other case follows exactly in the
same way. As in the proof of Theorem 12 we have that Lm = Lm′ .
If the part P(m) is trivial, then T and T ′ coincide as well as C
bˆ
and C
bˆ′ . For a nontrivial
Gleason part P(m), ρ(Lm(z),Lm(w))= ρ(z,w), z,w ∈D. In order to prove the equality,
it is enough by Lemma 8 to show that ρ(φT (n),φT ′(n)) = ρ(φCbˆ (n),φCbˆ′ (n)) for all
n ∈ M(B). Since φC
bˆ
(n) = δ
bˆ(n)
= δ
L−1m (φT (n)), the invariance of the pseudohyperbolic
distance yields what we wanted. ✷
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